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APPROXIMATE DELTA INVARIANTS IN THE SENSE OF
COMPLEMENTS OF PLT TYPE
CHUYU ZHOU
Abstract. In this note, we will show that delta invariant of a log Fano pair can be
approximated by using lc places of complements of plt type if it is no greater than one.
Under the assumption that delta invariant (no greater than one) of a log Fano pair can be
approximated by using lc places of bounded complements of plt type, we show the existence
of the divisorial valuation computing delta invariant of this log Fano pair.
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1. Introduction
After beta criterion was established in the work [Fuj19, Li17], there has been a great
progress in the study of K-stability. In particular, the traditional definition of K-stability by
test configurations and generalized Futaki invariants can be replaced by beta invariants, and
people pay more attention to divisors over the given Fano variety rather than test config-
urations. In the work [BHJ17], the relationship between test configurations and valuations
is well studied, which makes it more clear that valuation theory indeed plays an important
role in K-stability. In [Fuj19], some concepts of good divisors have appeared, such as dreamy
divisors and special divisors, which correspond to good test configurations, and to use beta
invariants to test K-stability one only needs to test all good divisors. It is somehow closely
related to special test configuration theory developed in [LX14], which says it’s enough to
test all special test configurations to confirm K-stability of a Fano variety. One advantage
to look at good divisors is that they can be bounded in some sense, which would provide
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2 CHUYU ZHOU
unexpected viewpoint to K-stability. For example, we have known that delta invariants can
be approximated by values of A/S on special divisors if they are no greater than one, e.g.
[BLZ19], thus it would be natural to bound these special divisors to study delta invariants.
In the work [BLX19], they show that a weakly special divisor can be achieved as an log
canonical place of some bounded complement. Therefore, they can bound these weakly
special divisors since bounded complements lie in a bounded family. This observation leads
to the final solution to the openness conjecture for K-semistable locus and the existence of
QM-minimizers for delta invariants, e.g. [BLX19,Xu20]. In this note, we will give a refined
approximation result for delta invariants by complements of plt type. Here a complement
of plt type means a complement admitting only one lc place or several non-intersecting lc
places. Please see Section 2 for definitions.
Theorem 1.1. Given a log Fano pair (X,∆) with δ(X,∆) ≤ 1. Then one can find a
sequence of prime divisors {Ei} over X such that
(1) δ(X,∆) = limi
AX,∆(Ei)
SX,∆(Ei)
,
(2) For each Ei one can find a complement of plt type (X,∆
+
i ) such that Ei is an lc
place of (X,∆+i ).
Note here that we haven’t confirmed in the above theorem that complement of plt type
can be replaced by bounded complement of plt type. This is the following conjecture.
Conjecture 1.2. Let (X,∆) be a log Fano pair with δ(X,∆) ≤ 1, Then there is a natural
number N depending only on the pair (X,∆) and a sequence of prime divisors {Ei} over X
such that
(1) δ(X,∆) = limi
AX,∆(Ei)
SX,∆(Ei)
,
(2) For each Ei one can find an N -complement of plt type (X,∆
+
i ) such that Ei is an
lc place of (X,∆+i ).
Once this conjecture is proved, one only needs to consider these bounded complements
of plt type. Obviously they lie in a flat algebraic family. After we make a stractification of
the base of this family, we may assume that for each strata the restricted family admits a
fiberwise log resolution (up to an e´tale morphism). Similar to [BLX19], but in this case we
only look at those stratum whose dual complexes of lc places are one dimensional. We then
have following result.
Theorem 1.3. Given a log Fano pair (X,∆) with δ(X,∆) ≤ 1. Assume Conjecture 1.2 is
true, then there exists a prime divisor E over X such that δ(X,∆) =
AX,∆(E)
SX,∆(E)
.
In [BLZ19], we have shown that delta invariant (no greater than one) of a log Fano pair
(X,∆) can be approximated by values of A/S on special divisors over X.
Theorem 1.4. ([BLZ19, Theorem 4.3]) Let (X,∆) be a log Fano pair with δ(X,∆) ≤ 1,
then one can find a sequence of special divisors {Ei}i such that
δ(X,∆) = lim
i
AX,∆(Ei)
SX,∆(Ei)
.
However, the approximation in the sense of complements of plt type in Theorem 1.1 is not
finer than above approximation by special divisors. In fact, they are not necessarily related
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to each other. There exist lc places of some complements of plt type which are not special
divisors. The converse direction is not true either, that is, a special divisor over X cannot
always necessarily be achieved as an lc place of some complement of plt type. We will give
counter-examples in the last section.
It’s now well known to experts that weakly special divisors can be characterized in the
sense of complements, e.g. [BLX19, Appendix]. However, it is not known how to give a
similar ’if and only if’ characterization for special divisors, though this characterization is
known in a local viewpoint, that is, there is a correspondence between special divisors over
(X,∆) and C∗-equivariant Kolla´r components over the cone vertex of (Z,Γ), where (Z,Γ)
is the affine cone over (X,∆) with respect to a multiple of −(KX + ∆), see Section 3. We
put here the following question that hasn’t been addressed in this note.
Question 1.5. How to give an ’if and only if’ characterization of special divisors in the
sense of complements (in a global viewpoint)?
The paper is organized as follows. In Section 2 we provide some necessary preliminaries.
In Section 3, we characterize good divisors in a local viewpoint. In Section 4, we prove
Theorem 1.1. In Section 5, we prove Theorem 1.3. In last section we provide counter-
examples to explain that special divisors and lc places of complements of plt type are not
necessarily related to each other.
Acknowledgement. The author thanks Professor Chenyang Xu and Chen Jiang for ben-
eficial comments. Special thanks goes to Yuchen Liu for pointing out a serious mistake and
providing the counter-examples in last section.
2. Preliminary
In this section, we provide some necessary preliminaries that will be used later. Through-
out the note, we always work over the complex number field C. We say (X,∆) is a log pair
if X is a projective normal variety and ∆ is an effective Q-divisor on X with KX + ∆ being
Q-Cartier. We say a log pair (X,∆) is log Fano if it admits klt singularities and −KX−∆ is
ample. Particularly, we say X is Q-Fano if ∆ = 0. For singularities in birational geometry
such as lc, klt, dlt, plt, etc., we refer to [KM98,Kol13].
2.1. Good test configurations and good divisors.
Definition 2.1. Let (X,∆) be a log Fano pair. A test configuration (X ,∆tc;L) → A1
consists of following data:
(1) A flat morphism (X ,∆tc)→ A1 between normal schemes.
(2) A C∗-equivariant isomorphism between (X ,∆)×A1 C∗ and (X ×A1,∆×A1)×A1 C∗
induced by natural C∗-action on A1.
(3) A relatively ample Q-line bundle L which is C∗-equivariant and Lt ∼Q −KX −∆ for
t 6= 0.
We say the test configuration is dreamy if the central fiber X0 is integral. We say the test
configuration is weakly special (resp. special) if it’s dreamy and (X ,∆tc+X0) is log canonical
(resp. plt), and L ∼Q −KX −∆tc. Note that a special test configuration is equivalent to a
log Fano degeneration of (X,∆) since the central fiber (X0,∆tc,0) is also a log Fano pair.
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For a dreamy test configuration (X ,∆tc;L), the central fiber induces a divisorial valuation
ordX0 over X . If we restrict the divisorial valuation via the embedding K(X)∗ ↪→ K(X ∗),
then one gets a divisorial valuation overX if the test configuration is non-trivial, e.g. [BHJ17,
Lemma 4.1]. We denote r(ordX0) the restriction of ordX0 , then there exists a natural number
c and a prime divisor E over X such that r(ordX0) = c · ordE . Note that we can assume
c = 1 up to a base change of (X ,∆tc;L)→ A1.
Definition 2.2. If (X ,∆tc;L)→ A1 is a dreamy test configuration, we say the corresponding
E (resp. ordE) over X is a dreamy divisor (resp. dreamy valuation). If the test configuration
is weakly special, we say E (resp. ordE) over X is a weakly special divisor (resp. weakly
special valuation). If the test configuration is special, we say E (resp. ordE) over X is a
special divisor (resp. special valuation).
2.2. Complements. The concept of complement is originally introduced by V.V.Shokurov
in the work [Sho92], and it is systematically developed by Birkar in [Bir19]. It’s proved that
this concept indeed plays an important role in the study of singularities of anti-canonical
linear system and the final solution of BAB conjecture, e.g. [Bir19,Bir16].
Definition 2.3. Let (X,∆) be a log Fano pair. An effective Q-divisor ∆+ (or a pair
(X,∆+)) is called a complement of (X,∆) if the pair (X,∆+) is log canonical with −KX −
∆+ ∼Q 0 and ∆+ ≥ ∆. We say ∆+ (or a pair (X,∆+)) is an N -complement if moreover
N(KX + ∆
+) ∼ 0 and N∆+ ≥ N∆ + (N + 1)b∆c.
A key observation in [BLX19] is that weakly special divisors can be bounded in the sense
of bounded complements.
Theorem 2.4. ([BLX19, Appendix]) Let (X,∆) be a log Fano pair and E a weakly special
divisor E over X. Then there exists an N -complement (X,∆+) such that E can be achieved
as an lc place of (X,∆+), where N only depends on the pair (X,∆).
One can choose N sufficiently divisible such that −N(KX + ∆) is Cartier and the com-
plement ∆+ lies in the linear system 1N | −N(KX + ∆)|. Thus it’s clear that (X,∆+) lies in
a bounded family and any weakly special divisor over X can be achieved as an lc place of
some fiber of the family.
In this note, we concern the following refined concepts of complements, i.e. complements
of plt type.
Definition 2.5. Let (X,∆) be a log Fano pair. The complement (X,∆+) is called a
complement of plt type if one of the following two conditions holds,
(1) either the pair (X,∆+) admits only one lc place,
(2) or the pair (X,∆+) has many lc places but none of them intersect each other on any
projective normal birational model Y → X.
For a given log canonical pair (Y,B), if we take a log resolution Y ′ → (Y,B), then all
lc places appearing on Y ′ form a dual complex. For example, let (Y,B) := (Pn,
∑n
i=0Hi),
where {Hi}i are the hyperplane sections defined by {xi = 0}i, and take the log resolution
to be identity. The lc places of (Y,B) that appear on Y are exactly Hi, i = 0, 1, ..., n. One
easily sees that any n lc places form a dual complex isormophic to Rn, and any point of
R+n corresponds to a quasi-monomial valuation over the intersecting point of these n log
canonical places. Under this viewpoint, we see that the dual complex generated by lc places
of a complement of plt type (of a log Fano pair) is one-dimensional.
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2.3. Delta invariants. Let (X,∆) be a log Fano pair. For a divisible natural number m,
an m-basis type divisor is of the following form
Dm :=
∑
i div{s1 = 0}
mdimH0(X,−m(KX + ∆)) ∼Q −KX ,
where {si}i is a complete basis of the vector space H0(X,−m(KX + ∆)). Then we can
define the following m-th delta invariant of (X,∆) due to [FO18].
Definition 2.6. Notation as above, we define
δm(X,∆) := inf
Dm
lct(X,∆;Dm),
where Dm runs over all m-basis type divisors. We also note here that the infimum can be
realized by some m-basis type divisor, that is, inf = min in this case.
By [FO18, BJ20], the limit limm δm(X,∆) indeed exists which is exactly the now known
delta invariant, i.e. δ(X,∆). If we define
Sm(E) := sup
Dm
ordE(Dm),
where Dm runs over all m-basis type divisors, then δm(X,∆) =
AX,∆(E)
Sm(E)
. It’s well known
now that
SX,∆(E) := lim
m
Sm(E) =
1
vol(−KX −∆)
∫ ∞
0
vol(−KX −∆− tE)dt.
Then we also have the following result on the definition of delta invariants due to [BJ20].
Theorem 2.7. Notation as above, we have
δ(X,∆) = inf
E
AX,∆(E)
SX,∆(E)
,
where E runs over all prime divisors over X.
Delta invariant is a K-stability threshold due to the following well-known theorem.
Theorem 2.8. ([Fuj19,FO18,BJ20]) Let (X,∆) be a log Fano pair, then
(1) (X,∆) is K-semistable if and only if δ(X,∆) ≥ 1.
(2) (X,∆) is uniformly K-stable if and only if δ(X,∆) > 1.
3. Valuations over the cone vertex
Let (X,∆) be a log Fano pair and (Z,Γ) the affine cone over (X,∆) with respect to
−r(KX + ∆) for some rational multiple r > 0. In this section, we will establish the relation-
ship between some special kinds of valuations over the vertex o ∈ Z and the corresponding
special kinds of test configurations of (X,∆). To put it in a more generalized setting, we
will work with more general log Fano cones rather than affine cones over log Fano pairs.
Note that this has been known in [LWX18], we put this section here to make the note as
complete as possible.
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3.1. Log Fano cone. The log Fano cone (Z,Γ) over a log Fano pair (X,∆) is a normal
affine variety admitting a C∗ action. We can generalize it to a more general setting, that is
a normal affine variety with a torus action.
Definition 3.1. We say (Y,D) is a T-variety if Y is an affine normal variety with an effective
T-action and D is an effective T-invariant Q-divisor on Y , and each T-orbit passes through
a unique fixed point y ∈ Y . Here T is a torus (C∗)s. We call the fixed point y ∈ Y to be the
vertex of the T-variety. If we write Y = SpecR, then there is a decomposition associated to
the T-action, i.e. R =
⊕
αRα, where α ∈ Zs. Define
Λ := {α ∈ Zs|Rα 6= 0} and t+R := {ξ ∈ tR|(α, ξ) > 0, ∀α ∈ Λ} ,
where t := Lie(T) is the Lie algebra of T. We call Λ the moment cone and t+R the Reeb
cone. An element ξ ∈ t+R is called a Reeb vector.
Definition 3.2. A triple (Y,D; ξ) is called a log Fano cone if (Y,D) is a T-variety with klt
singularities and the polarization ξ ∈ t+R is a Reeb vector.
If ξ ∈ t+R is rational, denoted by ξ ∈ t+Q, then we can describe (Y,D) as an affine cone over
a log Fano pair as follows. We first choose a sufficiently large and divisible r such that rξ is
integral, then ξ induces a C∗-action on Y by assigning a degree to each element in R. That
is, for an element f ∈ R, we write f = ∑α fα and assign a degree minα {α(rξ)|fα 6= 0} to f .
Then we can rearrange the ring R by degrees, i.e. R = ⊕m∈NRm, where Rm = ⊕α,α(rξ)=mRα.
Define the quotient
X := (Y \ y)/〈ξ〉 := Proj⊕m Rm.
It’s clear that there is an ample Q-line bundle L on X such that H0(X,mL) = Rm. Note
that the outcome X doesn’t depend on the choice of r. We have the following result [Kol13]:
Theorem 3.3. Notation as above, let (Y,D; ξ) be a log Fano cone and ξ ∈ t+Q, then there
is an effective Q-divisor ∆ on X such that (X,∆) is a log Fano pair, and L is proportional
to −(KX + ∆). That’s to say, (Y,D) is achieved as an affine cone over (X,∆) via ξ ∈ t+Q.
If ξ ∈ t+R is rational, then we say (Y,D; ξ) is quasi-regular, otherwise we say it is irregular.
We now give the definition of a test configuration of a log Fano cone, e.g. [LX18,LWX18].
Definition 3.4. Let (Y,D; ξ) be a log Fano cone with a T-action, a test configuration of
(Y,D; ξ) consists of the following data:
(1) a projective morphism pi : (Y,D) → A1, where Y is a normal affine variety with a
T× C∗-action and D is a T× C∗-invariant divisor on Y,
(2) (Y,D)×A1 C∗ and (Y × A1, D × A1)×A1 C∗ are T× C∗-equivariant isomorphic,
(3) the central fiber (Y0,D0) of pi admits a T× C∗ action which commutes each other.
If the central fiber Y0 is integral, then we say (Y,D) is a dreamy test configuration. If (Y,D)
is dreamy and (Y,D + Y0) is a plt (resp. lc) pair, we say (Y,D) is a special (resp. weakly
special) test configuration. We also write the test configuration in the form of (Y,D, ξ; η),
which also records the information of the polarization ξ and the C∗-action η induced by the
test configuration. Note that (Y0,D0; ξ) is also a log Fano cone with a T×C∗-action which
commutes with each other if (Y,D, ξ; η) is a special test configuration.
We also need the concept of T-Kolla´r component for a given log Fano cone. Before that,
we first give the definition of good divisors over a klt germ.
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Definition 3.5. Let (X,∆;x) be a klt germ, i.e. x ∈ X is a closed point and the log pair
(X,∆) is klt in a neighborhood of x. Then a prime divisor E over x ∈ X is called a Kolla´r
component (resp. weak Kolla´r component) if there is an extraction morphism µ : Y → X
such that
(1) Y \ E ∼= X \ x,
(2) the pair (Y, µ−1∗ ∆ + E) is plt (resp. lc).
Definition 3.6. Let (Y,D; ξ) be a log Fano cone and y ∈ Y the cone vertex. A prime divisor
E over y is called a (resp. weak) T-Kolla´r component if it is a T-invariant (resp. weak)
Kolla´r component. If E is a T-invariant prime divisor over y, we just say it’s a T-divisor.
3.2. Local correspondence between valuations and test configurations. In this sec-
tion, we will fix the log Fano cone (Y,D) with a T-action, and y ∈ Y the cone vertex. For
a given T-divisor E over y, one can naturally construct a degeneration (Y,D) of (Y,D) by
Rees algebra. We denote
Y := SpecR and ak(ordE) := {f ∈ R|ordE(f) ≥ k},
then the Rees algebra R := ⊕k∈Nak(ordE)t−k gives a degeneration Y := SpecR over A1,
whose central fiber is Y0 = Spec⊕k ak(ordE)/ak+1(ordE), and D is the natural extension of
D ⊂ Y to Y. We have following result due to [LWX18].
Theorem 3.7. Notation as above, if E is a T-Kolla´r component over y, then the induced
degenerating family (Y,D)→ A1 via Rees algebra is a special test configuration of (Y,D).
Proof. As E is a T-Kolla´r component, there is a T-equivariant extraction morphism W → Y
such that W \ E ∼= Y \ y and (W,µ−1∗ D + E) is a plt pair. Write KE + ∆E := (KW +
µ−1∗ D+E)|E , then we see (E,∆E) is a log Fano pair. Consider the following exact sequence
for sufficiently large k,
0→ OW (−(k + 1)E)→ OW (−kE)→ OE(−kE)→ 0.
Push forward by µ we have
0→ ak+1(ordE)→ ak(ordE)→ H0(E,−kE|E)→ 0.
The last arrow is exact since −E is relatively ample. Thus
ak(ordE)/ak+1(ordE) ∼= H0(E,−kE|E)
and Y0 is isomorphic to the affine cone over E with respect to −E|E . Note that
KW + µ
−1
∗ D + E = µ
∗(KY +D) +AY,D(E)E and − (KE + ∆E) ∼Q −AY,D(E)E|E .
Therefore, (Y0,D0) can be viewed as an orbifold cone over a log Fano pair (E,∆E), which
implies that (Y,D) is a special test configuration.

Similarly, we can obtain the following result when E is a weak T-Kolla´r component or
just a T-divisor. We show that the degenerating family via Rees algebra in these cases are
also good test configurations.
Theorem 3.8. Notation as above, we have
(1) If E is a weak T-Kolla´r component, then the induced degenerating family (Y,D)→
A1 via Rees algebra is a weakly special test configuration of (Y,D).
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(2) If E is a T-divisor, then the induced degenerating family (Y,D) → A1 via Rees
algebra is a dreamy test configuration of (Y,D).
Proof. We first assume E to be a weak T-Kolla´r component, then there exists a T-equivariant
extraction morphism µ : W → Y such that W \E ∼= Y \y and (W,µ−1∗ D+E) is log canonical.
The same as the proof of last theorem, we have following isomorphism
ak(ordE)/ak+1(ordE) ∼= H0(E,−kE|E).
Therefore, the central fiber Y0 is isomorphic to the affine cone over (E,∆E) with respect to
−E|E , where
−(KE + ∆E) := −(KW + µ−1∗ D + E)|E ∼Q −AY,D(E)E|E ,
thus the pair (E,∆E) is semi log canonical by adjunction and (Y0,D0) can be viewed as
the orbifold cone over (E,∆E) with respect to some multiple of −(KE + ∆E). By [Kol13,
Lemma 3.1], we know (Y0,D0) is log canonical which implies (Y,D) is a weakly special test
configuration by inversion of adjunction.
Next we assume E to be a T-divisor. In order to show that (Y,D) is a dreamy test
configuration, it suffices to show that the central fiber Y0 = Spec⊕k∈N ak(ordE)/ak+1(ordE)
is integral. We choose two elements
0 6= f ∈ ak(ordE)/ak+1(ordE) and 0 6= g ∈ al(ordE)/al+1(ordE)
for some natural number k, l. That is to say ordE(f) = k and ordE(g) = l, which imply
ordE(fg) = k + l. Hence 0 6= fg ∈ ak+l(ordE)/ak+l+1(ordE). It’s equivalent to Y0 being
integral. The proof is finished.

Now we fix a rational Reeb vector ξ ∈ t+Q and denote (X,∆) the log Fano pair obtained
by quotient of C∗ action generated by ξ, see Theorem 3.3. The next result tells us that there
is a one-one correspondence between good test configurations of (Y,D) and that of (X,∆).
Lemma 3.9. Notation as above, we have the following one-one correspondences.
(1) Dreamy test configurations of (Y,D) and dreamy test configurations of (X,∆).
(2) Special test configurations of (Y,D) and Special test configurations of (X,∆).
(3) Weakly special test configurations of (Y,D) and weakly special test configurations of
(X,∆).
Proof. Assume T = (C∗)s. Write Y = SpecR and R = ⊕α∈ZsRα the decomposition under
the T-action. It’s clear that a test configuration of (Y,D) is induced by a C∗-action on Y
which commutes with the T-action. Suppose the test configuration is formulated as SpecR
with R = ⊕j∈Nt−jHj , where
Hj := ⊕αHα,j and Hα,j :=
{
f ∈ Rα|t.f = t≥j · f
}
.
Note that t.f means the action of t ∈ C∗ on f . Then it’s clear that SpecR induces a special
(resp. weakly special, dreamy) test configuration of (Y,D) if and only if ProjR induces a
special (resp. weakly special, dreamy) test configuration of (X,∆).

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Next we plan to show that good test configurations of the log Fano cone (Y,D) will create
good divisors over the cone vertex y ∈ Y , such as T-divisors, weak T-Kolla´r components and
T-Kolla´r components. Let (Y,D)→ A1 be a non-trivial dreamy test configuration of (Y,D).
By Lemma 3.9, it naturally induces a non-trivial dreamy test configuration of (X,∆) via
the given Reeb vector ξ ∈ t+Q, denoted by (X ,∆tc) → A1. The central fiber X0 induces a
dreamy divisorial valuation c · ordE for some natural number c ∈ N and a dreamy divisor
E over X. Suppose the test configuration is non-trivial, and up to a base change we may
assume c = 1. Then we write wk := ordEk := k · ordX + ordE∞ for a k ∈ N+, where ordX
is the canonical divisorial valuation obtained by blowing up the cone vertex y ∈ Y , and E∞
the divisor over Y obtained by pulling back E over X. It’s clear that wk is a quasi-monomial
valuation over y ∈ Y with weights (k, 1) alone ordX and ordE∞ .
Theorem 3.10. Notation as above, Ek is a T-divisor over y ∈ Y . Moreover, if (Y,D) is
a (resp. weakly) special test configuration, then Ek is a (resp. weak) T-Kolla´r component
over y ∈ Y .
Proof. It’s clear that Ek is a T-invariant divisor. To show it is a T-divisor, it suffices to show
that Ek can be equivariantly extracted over y ∈ Y . Recall that Y := SpecR = Spec⊕α∈ZsRα
under the T-action, and Rm := ⊕α,(α,rξ)=mRα for some fixed multiple r to make rξ integral.
It’s well known that X can be formulated as follows by [BHJ17]:
X = Proj⊕m ⊕jt−jF jRm → A1,
where F jRm :=
{
f ∈ Rm|t−j · f¯ ∈ H0(X ,mL)
}
and L := OX (1). Here f¯ denotes the
natural extension of f ∈ K(X) via the embedding K(X) → K(X ) = K(X)(t). So the
central fiber X0 can be formulated as
Proj⊕m ⊕jF jRm/F j+1Rm.
It’s clear that f ∈ F jRm if and only if wk(f) ≥ km+ j. We write
am,l := {f ∈ Rm|wk(f) ≥ l} and al := ⊕mam,l.
Then we have
Proj⊕m ⊕jt−jF jRm = Proj⊕m ⊕jt−jam,km+j ∼= Proj⊕m ⊕jt−jam,j ∼= Proj⊕j t−jaj ,
and
Proj⊕m ⊕jF jRm/F j+1Rm = Proj⊕m ⊕jam,km+j/am,km+j+1 ∼= Proj⊕j aj/aj+1.
The above two relations imply that
X0 = Proj(grwk(R)) = Proj⊕j aj/aj+1.
Thus the test configuration (X ,∆tc) can be recovered by using valuation wk since aj = {f ∈
R|wk(f) ≥ j}. Hence (Y,D) can also be recovered just by replacing Proj by Spec, so Ek
is a T-divisor. That is, there is an equivariant extraction µ : (Wk, Ek) → (Y, y) such that
Wk \ Ek ∼= Y \ y. Note that we have
KWk + µ
−1
∗ D + Ek = µ
∗(KY +D) +AY,D(Ek)Ek.
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Let us denote
KEk + ∆Ek := (KWk + µ
−1
∗ D + Ek)|Ek .
It’s clear that (Y0,D0) is the orbifold cone over (Ek,∆Ek) with respect to −(KEk + ∆Ek). If
(Y,D) is a weakly special test configuration, then (Y0,D0) is log canonical, hence (Ek,∆Ek)
is semi log canonical by [Kol13, Lemma 3.1]. This directly implies (Wk, µ
−1∗ D + Ek) is
log canonical by inversion of adjunction, thus Ek is a weak T-Kolla´r component. If (Y,D)
is a special test configuration, then (Y0,D0) is klt and (Ek,∆Ek) is a log Fano pair by
[Kol13, Lemma 3.1]. This implies that (Wk, µ
−1∗ D + Ek) is a plt pair and hence Ek is a
T-Kolla´r component. The proof is finished.

In the proof of above theorem, the subscript k of wk := ordEk can be chosen to be any
positive natural number, so we just put them in a class {Ek|k ∈ N+} and call it a ray of
T-divisor E. Above all, we obtain the following corollary on the correspondence between
good test configurations of a log Fano cone (Y,D) and good divisors over the cone vertex
y ∈ Y .
Corollary 3.11. Let (Y,D) be a log Fano cone and y ∈ Y the cone vertex. Fix a Reeb vector
ξ ∈ t+Q and denote (X,∆) the log Fano pair which is the quotient by C∗-action generated by
ξ. Then there is a one-one correspondence between following three classes of objects:
(1) good test configurations of (Y,D) (resp. dreamy test configurations, weakly special
test configurations, special test configurations),
(2) good test configurations of (X,∆) (resp. dreamy test configurations, weakly special
test configurations, special test configurations),
(3) rays of good divisors over the cone vertex y ∈ Y (resp. T-divisors, weak T-Kolla´r
components, T-Kolla´r components).
4. On complements of plt type
In this section, we prove Theorem 1.1.
Theorem 4.1. (= Theorem 1.1) Given a log Fano pair (X,∆) with δ(X,∆) ≤ 1. Then one
can find a sequence of prime divisors {Ei} over X such that
(1) δ(X,∆) = limi
AX,∆(Ei)
SX,∆(Ei)
,
(2) For each Ei one can find a complement of plt type (X,∆
+
i ) such that Ei is an lc
place of (X,∆+i ).
Proof. We first assume δ(X,∆) < 1. For each sufficiently divisible natural number m, one
can find an m-basis type divisor Dm of (X,∆;−KX−∆) such that (X,∆+δmDm) is strictly
log canonical, where δm is the m-th delta invariant of (X,∆). Take a log resolution of the
pair f : Y → (X,∆ + δmDm), we write
KY + f
−1
∗ ∆ + δmf
−1
∗ Dm = f
∗(KX + ∆ + δmDm) +
∑
j
ajFj −
∑
k
Gk,
where
(1) (Y, f−1∗ ∆ + f−1∗ Dm +
∑
j Fj +
∑
kGk) is simple normal crossing,
(2) Fj , Gk are all exceptional divisors with aj > −1,
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(3) Gk are all exceptional lc places on Y .
We first choose positive rational numbers rj , lk such that −(
∑
j rjFj +
∑
k lkGk) is f -ample.
Then we choose a rational number 0 < m  1 and write the following formula:
KY +f
−1
∗ ∆ + (1− m)δmf−1∗ Dm = f∗(KX + ∆ + (1− m)δmDm) +
∑
j
a′jFj−
∑
k
(1− bk)Gk,
where a′j > aj > −1 and 0 < bk  1. More precisely, we have
a′j − aj = ordFj (mDm) and bk = ordGk(mDm).
We next choose an ample Q-divisor H ∼Q −KX −∆ such that the pair
(X,∆ + (1− m)δmDm + {1− (1− m)δm}H)
is klt. One can always choose lk properly such that the set { bklk }k has a unique minimal
element, and we just assume mink{ bklk }k =
b1
l1
for convenience. Consider f : Y → (X,∆ +
(1− m)δmDm + {1− (1− m)δm}H) and write
KY + f
−1
∗ ∆ + (1− m)δmf−1∗ Dm + {1− (1− m)δm}f∗H −
b1
l1
(
∑
j
rjFj +
∑
k
lkGk)
=f∗(KX + ∆ + (1− m)δmDm + {1− (1− m)δm}H)
+
∑
j
a′jFj −
∑
k
(1− bk)Gk − b1
l1
(
∑
j
rjFj +
∑
k
lkGk)
=f∗(KX + ∆ + (1− m)δmDm + {1− (1− m)δm}H)
+
∑
j
(a′j −
b1rj
l1
)Fj −G1 −
∑
k≥2
(1− bk + b1lk
l1
)Gk
It’s clear 1− bk + b1lkl1 < 1 for k ≥ 2 by our assumption. We denote
L := {1− (1− m)δm}f∗H − b1
l1
(
∑
j
rjFj +
∑
k
lkGk).
One can always choose m sufficiently small to make L ample and a
′
j − b1rjl1 > −1. We then
have following
KY + f
−1
∗ ∆ + (1− m)δmf−1∗ Dm + L+
∑
j
Fj +
∑
k
Gk
=f∗(KX + ∆ + (1− m)δmDm + {1− (1− m)δm}H)∑
j
(1 + a′j −
b1rj
l1
)Fj +
∑
k≥2
(bk − b1lk
l1
)Gk,
where 1+a′j− b1rjl1 > 0 for any j and bk−
b1lk
l1
> 0 for any k ≥ 2. We find an ample Q-divisor
L˜ ∼Q L such that
(1) Supp(L˜) doesn’t contain G1,
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(2) the pair (Y, f−1∗ ∆ + (1− m)δmf−1∗ Dm + L˜+
∑
j Fj +
∑
kGk) is dlt.
By [BCHM10], one can run MMP/X for the pair (Y, f−1∗ ∆ + (1 − m)δmf−1∗ Dm + L˜ +∑
j Fj +
∑
kGk) to get a minimal model φ : Y 99K Y ′/X such that φ contracts all {Fj}j and
{Gk}k≥2, and φ only contracts these divisors. We denote ∆′, D′m, G′1, L′ the push forward
of f−1∗ ∆, f−1∗ Dm, G1, L˜ by φ respectively, then we get a morphism
f ′ : (Y ′,∆′ + (1− m)δmD′m + L′ +G′1)→ (X,∆ + (1− m)δmDm + f ′∗L′).
Then we clearly have
(1) KX + ∆ + (1− m)δmDm + f ′∗L′ ∼Q 0,
(2) KY ′ + ∆
′ + (1− m)δmD′m + L′ +G′1 = f ′∗(KX + ∆ + (1− m)δmDm + f ′∗L′),
(3) the pair (Y ′,∆′ + (1− m)δmD′m + L′ +G′1) is plt.
Denote ∆+m := ∆+(1−m)δmDm+f ′∗L′ and Em := G′1, then we see (X,∆+m) is a complement
of plt type and Em is an lc place of (X,∆
+
m). By our choice, we have δm =
AX,∆(Em)
ordEm (Dm)
, thus
by [BLZ19, Theorem 4.1], we see that {Em} is a sequence of prime divisors over X we need
to approximate δ(X,∆).
Now we turn to the case δ(X,∆) = 1. By [ZZ19, Theorem 3.1], for any rational number
0 <   1 one can find a B ∼Q −KX − ∆ such that δ(X,∆ + B) < 1. We choose a
decreasing sequence of rational numbers 0 < i  1 such that limi i = 0. For each i we
choose a Bi ∼Q −KX −∆ such that δ(X,∆ + iBi) < 1. By previous case, for each i, one
can find a sequence of prime divisors {Ei,m}m which can be achieved as lc places of some
complements of plt type of (X,∆ + iBi) (hence also complements of plt type of (X,∆))
such that
δ(X,∆ + iBi) = lim
m
AX,∆+iBi(Ei,m)
SX,∆+iBi(Ei,m)
.
Note that
AX,∆+iBi(Ei,m)
SX,∆+iBi(Ei,m)
=
AX,∆(Ei,m)− ordEi,m(iBi)
(1− i)SX,∆(Ei,m) ≥
AX,∆(Ei,m)− iTX,∆(Ei,m)
(1− i)SX,∆(Ei,m) .
That is,
AX,∆(Ei,m)
SX,∆(Ei,m)
≤ (1− i) · AX,∆+iBi(Ei,m)
SX,∆+iBi(Ei,m)
+ i · TX,∆(Ei,m)
SX,∆(Ei,m)
.
As
TX,∆(Ei,m)
SX,∆(Ei,m)
≤ n+ 1 (see [BJ20, Section 3]), where n is the dimension of X, thus
inf
i
inf
m
AX,∆(Ei,m)
SX,∆(Ei,m)
≤ 1.
So one can find a subsequence of {Ei,m}i,m to approximate δ(X,∆). The proof is finished.

5. On optimal destabilization conjecture
For a log Fano pair (X,∆) with δ(X,∆) ≤ 1, the existence of divisorial valuation comput-
ing δ(X,∆) is one of core problems in algebraic K-stability theory, e.g. [BX19, Conjecture
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1.5] or [BLZ19, Conjecture 1.2]. In this section we will prove Theorem 1.3 which is a tentative
attempt to this problem.
Theorem 5.1. (=Theorem 1.3) Given a log Fano pair (X,∆) with δ(X,∆) ≤ 1. Assume
Conjecture 1.2 is true, then there exists a prime divisor E over X such that δ(X,∆) =
AX,∆(E)
SX,∆(E)
.
Proof. We assume that there exists a sufficiently divisible natural number N which only
depends on the pair (X,∆) such that δ(X,∆) can be approximated by the values of A/S
on lc places of N -complements of plt type. Denote PM := 1N |−N(KX + ∆)| where M + 1 is
the dimension of the linear system | −N(KX + ∆)|, and let H ⊂ X × PM be the universal
divisor with respect to 1N | −N(KX + ∆)|. We consider the family
pi : (X × PM ,∆× PM +H)→ PM .
By ACC of log canonical thresholds (e.g. [HMX14]) and lower semi-continuity of log canon-
ical thresholds, there exists a locally closed subset Z ⊂ PM such that the corresponding
restricted family piZ : (X ×Z,∆×Z +HZ)→ Z satisfies following properties:
(1) For each closed point t ∈ Z, the fiber (X,∆ + Ht) is strictly log canonical, i.e. lc
but not klt,
(2) For each closed point t ∈ PM such that (X,∆+Ht) is strictly log canonical, we have
t ∈ Z.
By a similar way as the proof of [BLX19, Proposition 4.3 and Theorem 4.5], one can find
a finite decomposition Z = ⋃i∈I Zi so that each Zi is smooth and the restricted family
piZi : (X×Zi,∆×Zi+HZi)→ Zi admits a fiberwise log resolution up to an e´tale morphism.
That is to say, for each i there exists an e´tale morphism Z ′i → Zi such that the restricted
family piZ′i : (X × Z ′i,∆ × Z ′i + HZ′i) → Z ′i admits a fiberwise log resolution. As it won’t
cause any confusion we still use Zi to replace Z ′i for convenience. We take a fiberwise log
resolution of (X ×Zi,∆×Zi +HZi) for each i, denoted by
fi : Yi → (X ×Zi,∆×Zi +HZi).
Then for each closed point t ∈ Zi, the fiber fi,t : Yi,t → (X,∆ +Ht) is a log resolution. As
the pair (X × Zi,∆ × Zi +HZi) is strictly log canonical, we use Ei to denote the reduced
sum of all lc places on Yi and see that Ei generates a dual complexes of lc places over
(X × Zi,∆ × Zi + HZi), denoted as D(Ei). Due to the fiberwise log resolution, it’s also
clear that the restriction of D(Ei) to a fiber over a closed point t ∈ Zi, denoted by D(Ei,t),
is exactly the dual complex of lc places over (X,∆ +Ht). For a fixed closed point t0 ∈ Zi,
we define
ai := inf
v∈D(Ei,t0 )
AX,∆(v)
SX,∆(v)
,
where v runs through all points in D(Ei,t0) which correspond to quasi-monomial valuations.
By [BLX19, Proposition 4.2], the number ai doesn’t depend on the choice of t0 ∈ Zi. By
our assumption,
δ(X,∆) = min
i∈I′
{ai}i,
where I ′ ⊂ I consists of all subscripts i such that D(Ei) is one-dimensional. Note that for
each i ∈ I ′, the number ai is achieved by a divisorial valuation over (X,∆ + Ht0), since
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the dual complex D(Ei) (resp. D(Ei,t0)) is one-dimensional. Thus δ(X,∆) is achieved by a
divisorial valuation as the index set I ′ is finite. The proof is finished.

6. Examples
In this section, we give counter-examples to explain that special divisors are not necessarily
related to lc places of complements of plt type.
Example 6.1. Let X := P2 and Z := C3. Let Hi, i = 1, 2, 3, be the three hyperplanes in
P2 given by vanishing of three coordinates respectively. Then the quasi-monomial valuation
with weights (1, 2) alone H1 and H2 is a special divisor over P2, denoted as v1,2. However it
cannot be achieved as an lc place of some complement of plt type.
We explain this example in detail. It’s not hard to see Z is the affine cone over X with
respect to −13KX . Thus v1,2 naturally induces a toric valuation over the origin o ∈ Z which
corresponds to a C∗-equivariant Kolla´r component over o ∈ Z, since the corresponding
blowup is a weighted projective space. By Corollary 3.11 we see that v1,2 is indeed a special
divisor. Now we want to find a higher birational model Y → X to achieve v1,2 as a prime
divisor on Y .
Denote P := H1
⋂
H2. Let f1 : X1 → X be the blowup of P and E1 the exceptional
divisor. Then denote Q := f1
−1
∗ H2
⋂
E1. Let f2 : X2 → X1 be the blowup of Q and E2 the
exceptional divisor. Then we have following formulas:
KX1 = f
∗
1KX + E1 and KX2 = f
∗
2KX1 + E2.
Hence we have
KX2 = f
∗
2 f
∗
1KX + E˜1 + 2E2,
where E˜1 = f2
−1
∗ E1. It’s clear that v1,2 = ordE2 . We next show that E2 cannot be achieved
as an lc place of any complements of plt type.
Suppose there is a complement ∆+ ∼Q −KX such that E2 is an lc place of (X,∆+). We
denote a = multP (∆
+) and b := multQ(f1
−1
∗ ∆+), then we have
∆˜+ + aE˜1 + (a+ b)E2 = f
∗
2 f
∗
1 ∆
+,
where ∆˜+ is the strict birational transformation of ∆+. It then follows
KX2 + ∆˜
+ = f∗2 f
∗
1 (KX + ∆
+) + (1− a)E˜1 + (2− a− b)E2.
As a ≥ b, we see 2 − a − b ≥ 1 − a. Thus that E2 is an lc place of (X,∆+) also implies
that E˜1 is an lc place of (X,∆
+). So (X,∆+) cannot be a complement of plt type since
E˜1
⋂
E2 6= ∅.
Example 6.2. Let X := P2 and ∆+ := C, where C ⊂ P2 is a smooth cubic curve. Then
clearly (X,∆+) is a complement of plt type. However, C is not a special divisor. We also
note here that C is only a weakly special divisor.
We give some details to explain this example. Denote R := ⊕m∈NRm, where Rm :=
H0(X,−mKX). Then the divisorial valuation ordC naturally induces a filtration FordC on
the graded ring R as follows:
F jordCRm := H0(X,−mKX − jC) = H0(P2,OP2(3(m− j))).
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Write X := Proj ⊕m∈N ⊕j∈Nt−jF jordCRm. By [BHJ17] we know that X → A1 is a test
configuration induced by ordC . To show it is not a special test configuration, it suffices to
confirm that the central fiber is not klt. The central fiber can be formulated as follows:
X0 = Proj⊕m∈N ⊕j∈NF jordCRm/F
j+1
ordC
Rm ∼= Proj⊕m∈N ⊕j∈NH0(C,OC(3(m− j))).
This is a cone over the cubic curve C, which is strictly log canonical.
Remark 6.3. These examples are provided by Yuchen Liu when the author is considering
Question 1.5 to characterize special divisors in a global viewpoint.
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